Abstract. In this paper the family of elliptic curves over Q given by the equation Ep : Y 2 = (X − p) 3 + X 3 + (X + p) 3 where p is a prime number, is studied. It is shown that the maximal rank of the elliptic curves is at most 3 and some conditions under which we have rank(Ep(Q)) = 0 or rank(Ep(Q)) = 1 or rank(Ep(Q)) ≥ 2 are given. Moreover It is shown that in the family there are elliptic curves with rank 0,1,2 and 3.
Introduction
Let E be an elliptic curve over Q and E(Q) be the Mordell-Weil group of E over Q which is finitely generated abelian group. The rank of E(Q) as a Z-module is called the rank of E over Q. There is no algorithm which can compute the rank of any given elliptic curve so far. So it seems necessary to consider certain families of elliptic curves and investigate their ranks (see [3, 5, 8, 9] ).
In this paper we consider the family of elliptic curves over Q given by the equation
where p is a prime number, and prove the following theorem and propositions.
Theorem 0.1. We have
Proposition 0.2. Let p ≡ 17 (mod 24) and ( 
Some primes which satisfy the conditions in Proposition 0.2 and Proposition 0.3 will be given.
The rank of E p
In this section Theorem 0.1 will be proved. For proofing the theorem we have to deal with the Selmer groups of E p corresponding to certain 2-isogenies. Let E/Q be an elliptic curve over Q with a torsion point of order 2. We use 2-descent via 2-isogeny method to compute the rank of E over Q which is based on computing of the Selmer groups corresponding to certain 2-isogeny of E (see [2, 6, 7] ). Let E : y 2 = x 3 + ax 2 + bx , a, b ∈ Z, be an elliptic curve over Q and
where a = −2a and b = a 2 − 4b, be its 2-isogeny curve. Let
be 2-isogeny of degree 2 and
be dual isogeny of Ψ. Let
and
where b 1 |b and b 1 |b, be the homogeneous spaces for E/Q and E/Q, respectively. The Selmer groups corresponding to the 2-isogneies Ψ and Ψ of these curves are
where S := {∞} ∪ {p : p is a prime and p|2bb}. And
Now consider the elliptic curve E p . With the change of variables x = 3X and y = 3Y the equation of E p becomes
and the following propositions give us the structure of the Selmer groups.
Proposition 1.1. Using the notations introduced above, we have
(2) In the other cases,
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We proof Proposition 1.1 and one can proof Proposition 1.2 by the same method. By the definition it is clear that
So it is sufficient to check solvability of the equations 
, in this case one can show that there is no solution for the equation (1.1) in Q p since 3 and 6 are non-square mod p.
Now we deal with the case b 1 = p. The corresponding equation is
Suppose that C p (Q 2 ) = φ. Since v 2 (w 2 ) is even and v 2 (18pz 4 ) is odd, then necessarily z, w ∈ Z 2 , and therefore we deduce p ≡ 1, 3 (mod 8). Conversely when p ≡ 1, 3 (mod 8) the solutions (z, w) = (2, 1) and (z, w) = (1, 1) for the congruence w 2 ≡ p + 2pz 4 (mod 8) lifts to solutions for the equation (1.2) in Q 2 , respectively. When p ≡ 1 (mod 3) the solution (z, w) = (1, 1) for the equation (1.2) mod 3 lifts to a solution for it in Q 3 . Now let p ≡ 2 (mod 3) and j be a positive integer number, the solution (z, w) = (1, 1) for the congruence w 2 ≡ 3 2+4j p + 2pz 4 (mod 3) lifts to a solution such as (z, w) = (α, β) for the equation Finally for p = 2, 3 we have
